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On a certain class of general discrete spaces including fractals, we consider a model in
which each pair of distinct points is connected by a random bond. The main question we
are concerned is whether a connected component consisting of infinitely many points
exists or not. This depends on the choice of parameters in the connecting probabilities,
and the aim of this paper is to find thresholds of the parameters.
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1. INTRODUCTION AND RESULTS

The problem of a long-range percolation was introduced by Schulman in Ref. 17
and it is well-studied on a d-dimensional integer lattice Z by now, see below. In
this paper, we consider the long-range percolation in some general settings. We
shall discuss on the space X, instead of Z¢.

Let X be a countable infinite set, and let p be a map from X x X to Ry =
[0, 00), which satisfies the following two conditions;

® p(x,y)=0x =y yeX),
® o(x,y)=p(y,x).

For example, a metric on X satisfies these two conditions.

Each unoriented pair of distinct points x, y € X is connected by an unoriented
bond with probability p(x, y) = p(y, x) € [0, 1), independently of other pairs.
In other words, we consider the following probability space 2 and probability
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measure P, on it; we denote p = {p(x, ¥)} yex, vy

Q= 1_[ {0, 1}, P, = 1_[ /nyy

(x,y)eXxX x#y (x,y)eXxX,x#y

where ., (1) = p(x, y), ttyy(0) = 1 — p(x, y), and the products are taken over
all unoriented pairs (x, ). The state 1 means that x and y are connected by a bond
(x,y) (= (y, x)), while the state 0 means that there is no bond connecting x and
y.

This paper especially studies the case where p satisfies the condition

P, y)
p(x.y)=00 Bo(x, )~

for some «, B > 0.

For given p, the main question we are concerned with is to classify the
relation between p and the probability of an co-cluster, i.e., a connected component
consisting of infinitely many points of X, to exist.

When X = Z and p(x, y) = |x — y|, it is known that the phase transitions
occur at = 1,2, and § = 1. More precisely,

(1) When o < 1, under a certain aperiodicity condition, all points are con-
nected with probability 1.

(2) Whenl <o <2or“a =2and 8 > 1,” one can choose p, for which an
oo-cluster exists with probability 1, and one can also choose p, for which
the probability that an co-cluster exists is 0.

(3) When “a =2 and 8 < 1,” or 2 < «, the probability that an oco-cluster
exists is always 0.

For details, see Refs. 1, 11, 16 and others. When X = Z? (d > 2) and
o(x,y) = |x — |z, by the result of (nearest-neighbor) bond percolation on Z¢,
an oo-cluster may exist for any «, 8. Among recent studies on long-range percola-
tion, random walks on oo-clusters are discussed in Ref. 3, and chemical distances
are studied by Refs. 2, 4-8, 10. The long-range percolation on random sets in R?
is considered in Ref. 9.

In this paper, we extend the problem on more general spaces, including
fractals. The conditions we always assume on p is the following;

(A1) Thereexistc; > 0(1 <i <4),a,b > 1,andforeachx € X, there exists
{B(x, n)}>2,, a sequence of subsets of X, such that

x € B(x,0)C B(x,1) C B(x,2)C ---,
U2 Bx,n) =X,

c1a" < Sup, cpiny PV, 2) < 2a" (n > 0),
ab" < |B(x,n)| < csb" (n > 0),
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where | B(x, n)| stands for the number of points in B(x, n). We denote

loga
We note that {B(x, n)},~, and a, b may not be uniquely determined. In the follow-
ing discussions, we consider with some fixed {B(x, n)};,2 . Under some additional
conditions, « = D, 2D may become critical values in certain sense in our setting,
though the rigorous proof for the region D < o < 2D is still missing.

We prepare some further notations. For x, y € X, x ~ y means there exists a
bond (x, y),and x <> y means x and y are connected (i.¢., for some positive integer
n and for some xg, x1,...,x, € X, x =xg ~x; ~---~x, =y).For4, B C X,
A ~ B means x ~ y for some x € 4, y € B. We define 4 <> B similarly. We
denote

Clx)={x}U{y e Xly < x},

a connected component containing x, and

Py =Py {chw = oo}} :

xeX

the probability that an co-cluster exists. By Kolmogorov’s 0 — 1 law, Py is either
Oorl.
In the remaining of this section, we formulate main results of this paper and
give examples covered by our results. In Sec. 2, we shall give proofs of Theorems.
We require the following condition (A2) in Theorem 1.1.

(A2) Let {B(x,n)} be the same as in (Al). For any x € X, one can find
{x(”)}ZO:O, such that x™ e R(x,n) = B(x,n)\B(x,n — 1), and for any n, there

exists a bijective map from B(x, n)\{x} to B(x, n)\{x™}, which preserves p.

Theorem 1.1. Weassume a < D, and let p satisfies that p(x, y) is nonincreasing
for p(x,y) (x,y € X). Then, under (A1),(A2) for p, we have

P, |:ﬂ{C(x) :X}:| =1.

xeX

Theorem 1.2. We assume o = D. Then, under (A1) for p, for any x € X,
Py e Xly ~x} =00l =L

We require the following condition (A3) in Theorems 1.3 and 1.4.
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(A3) Let { B(x, n)} be the same as in (A1). There exists a positive constant cs
(depending only on p) and for all x € X and all n > 0, the following holds.

csa” < inf{p(y,z)|y € B(x,n),z € R(x,n + 1)}.

Theorem 1.3. We assume o > D. Then, under (41),(43) for p, we can choose
p, for which Py, = 0.

Theorem 1.4. We assume o > 2D. Then, under (A1),(A3) for p, Pooc = 0.

Before giving some examples covered by our results, we review the definitions
of some fractals. See Refs. 15, 18, 19, for example, for more details for fractal
lattices and bond percolation on them.

(1) (Sierpinski gasket lattice.) Let 0 = (0, 0), ug = (% ?), vo = (1,0) € R?,
and Fj be a graph which consists of the vertices and edges of the triangle
AOugvg. We define

Fop1 = F, U(F, +u,) U(F, +vy),

where u, = 2"ug, v, = 2"vy. We call F = U2 F, the Sierpinski gasket
lattice.

(2) (Sierpinski carpet lattice.) Let G be a graph corresponding to a rectangle
with vertices (0, 0), (0, 1), (1,0),(1,1) e R%. For T = {(i, j) € Z*|0 <
i,j <2,(,Jj)# (1, 1)}, we define

Gur = |J (G + (3", j3")
(.j)eT

We call G = U2 /G, the Sierpinski carpet lattice.

(3) (The space like Cantor set.) As an example for Theorems 1.3, 1.4, we also
consider the space like Cantor set H C Z, although it is not a connected
graph. Let Hy = {0, 1}, and

H,p = H, U (H, +3" x2).
We define H = U2 (H,.

Example 1.5. When X is the vertex set of the Sierpinski gasket lattice and p is a
graph metric on the lattice, (A1) holds by regarding the vertex set of F;, as B(0, n).
By the self-similarity, we can also find appropriate {B(x, n)}.>, for any point x.
We note that, in our case, B(x, n) does not stand for a ball with radius 7, but the
“n-th stage” set in constructing the lattice as above. In this case, (A1) is satisfied
witha =2,b=3,and D = LO)L; coincides with the Hausdorff dimension of the
lattice. Furthermore, by noticing that F,\{(0, 0)} is isomorphic to F,\{(2", 0)} for
any n, (A2) is also satisfied. Here, (A3) does not hold.
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Example 1.6. When X is the vertex set of the Sierpinski carpet lattice and p is
a graph metric on the lattice, (A1), (A2) hold by regarding the vertex set of G, as
B(0, n), in the same way as Example 1.5. Inthis case,a = 3,b = 8,and D = %.
(A3) does not hold.

Example 1.7. When X is the space like Cantor set and p is a metric induced by
the metric on Z, (A1), (A2) holds by regarding H, as B(0, n). In this case, a = 3,
b=2,and D = :g%. Now, (A3) is also satisfied by noticing that the distance
between H, and H,\ H, becomes large at exponential order as n — oo.

Example 1.8. In the above construction of the Sierpinski carpet lattice, now,
we redefine G, by taking T = {(i, j) € 720 < i,j <2}instead of T = {(i, j) €
72|10 <i,j <2,(i, j) # (1, 1)}. Then, G becomes the quarter space on Z>. When
X is the quarter space on Z? and p(x, y) = |x — y|z, (A1), (A2) holds by regard-
ing the vertex set of G, as B(0, n). In this case, a = 3, b =9, and D = 2. Here,
(A3)is not satisfied. Theorems 1.1, 1.2 are also true for X = Z2, as the case of the
quarter space. For general Z¢ (d > 1), we can discuss in the same manner, and D
coincides with d.

Remark 1.9. For Theorem 1.1, the corresponding results on Z¢ or half spaces are
studied in Refs. 12, 13, 14 etc. Theorem 1.1 covers the spaces without translation
invariance, although the case « = D is excluded.

2. PROOF OF THEOREMS

Proof of Theorem 1.1. We prove Theorem 1.1 following the idea of Ref. 13.
Forx,y € X, x # y,and n > 0, we denote

A, ={w € Qlx < y,inB(x, n)}

(Let 4, = @ify € B(x, n)".) We shall show that lim,,_, ., Py[4,] = 1. To this end,
we estimate

Pp[AZ] = Py[x # y,in B(x, n)]
Pyl{w € Q| € {x 4 y,in B(x,n)}}]

IA

IA

Pp|:{a)/ efx#y.inBax.mn | ~ i}}

ieB(x,n)\{x,y}
+Pp[ N & i}}
i€B(x,nm)\{x,y}
=L+ D,
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where ' is a configuration which is made by removing the bond (x, y) (if it exists)
from w. First, we estimate the second term /.

Lemma 2.1. When a < D, the second term I, converges to 0 as n — oo.

Proof: This is elementary, because /; is equal to and estimated as

L= J] O-p&it< [ ewt—pe i}

i€B(x,m\{x,y} ieB(x,m\{x,y}

=expi — Z p(x,i) ¢,

ieB(x,n)\{x,y}

and we note
lim x,i) = X,1
nﬁooieB(x,Xn):\h,y) peed ie)%w pee?
(o]
=> > p@E0)
n=0ieR(x,n),i#x,y
oo
= ) cplba)" =0,
n=0
when b > a“ and the result follows. O

We return to the proof of Theorem 1.1. We write the event

E={x~yn{oelxsyinBrnin [J x~i}
ieB(x,n)\{x,y}
Then, the first term /; equals to
PG, ) PLE] < p(x,3) ' BplX, > X,]
= p(x, ») ' RLX," > X,].

Here, X,,, X, X!/ stand for the number of connected components in B(x, n), in
B(x,n)\{x}, and in B(x, n)\{x™}, respectively. We have used (A2) in the last
equality. Now, we prepare the following two lemmas. These can be proved easily,
but do not contain the case « = D.

Lemma 2.2. Wheno < D,

Py [Uﬂm = Xk+1”}i| =1

n=0k=n
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Lemma 2.3. Whenao < D,

Py [Uﬂ{xk” > Xk}] =1

n=0k=n

Proof of Lemma 2.2. We have

PylX, < X!, 1< P, U {i # B(x,n)}
i€R(x,n+ 1)\ {(x+D}
<|B(x,n+1)] sup Pyli # B(x, n)]

i€R(x,n+1)\{x+D}

< b sup l_[ {1—pG, )}

iER(x’yH—l)jeB(x,n)

< cob" ! supexp | — Z p(, j)

JEB(x,n)
< b supexp {—|B(x, n)| inf p(, j)}
i Jj€B(x,n)

< b"exp {—c(ba™)"}.

We have used the assumption for p in the last inequality. Therefore, Y~ | Pp[X, <

X/ ;] < oo when ba™® > 1, and this shows the conclusion by Borel-Cantelli
lemma. .

Proof of Lemma 2.3. The proof is essentially the same as that of Lemma 2.2,
and the calculation is indeed easier. We have

PolX," < X, = Pp[x™ # {B(x, m)\{x"}}]
< cexp{—(ba™*)"},

and the result follows. O

We shall complete the proof of Theorem 1.1. From Lemmas 2.2 and 2.3, for
some 2 C Q, P[] =1, we have X, > X" and X,,” > X,, for sufficiently
large all n, in 2;.

On the other hand, if we assume limsup P,[ X, > X, ] = ¢ > 0, it implies
n—0oQ

n—oo n—00

e =limsup Ep[lix, > x,}] < Ep|:1im sup 1{X5>Xn}:|.
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We have used Fatou’s lemma in the last inequality. Then, for some 2, C €2,
Pp[€22] > 0, we have that lim sup 1;x- x, is strictly positive (therefore, equals to

n—0oo
1) in 5. So, in 2,, we have X|, > X, for infinitely many .

Then, we can choose w € | N ©,, and X,(w) becomes non-positive for
some n. On the other hand, X, should be a positive integer, because it stands
for the number of connected components. This is a contradiction. This means
limsup Pp[X,,” > X, ] = 0, and the proof is complete. O

n—00

Proof of Theorem 1.2. Forany x € X,

Y oRk~¥=Y > px.y)

yeX n=0 yeR(x,n)

> Y IRGe, m)linf{p(x, y)ly € R(x, n))
n=N

> i cB(ba)" = oo,

n=N

when b > a®. We note the events x ~ y are independent for each y, and the result
for « = D follows by Borel-Cantelli lemma. O

Proof of Theorem 1.3. For any x € X, it is enough to show that we can find p
satisfying

Ep[#{y € X[y ~x}] < L.

If the above estimate holds, we can see that P, = 0 by comparing percolation
cluster with Galton—Watson branching process with parameter 1. We consider the
case of p(x, y) = Bp(x, y)~“. Then, the left hand side is equal to and bounded by

YR ~x1=> > px.y)

yeX n=0 yeR(x,n)

< > b sup{p(x, y)ly € R(x, m)}
n=0

< D cb"Blinf(p(x, y)ly € RGx, M)~
n=0
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< i cB(ba™)".
n=0

We have used (A3) in the last inequality. The summation in the right hand side
converges if and only if ba~* < 1, and equals to cf-2—. We can therefore have a

a“—b"
desired estimate by choosing 8 < ¢~1(1 — 2). O

Proof of Theorem 1.4. We show that

nlglgo Pp[B(x,n) # B(x,n)]=1

for any x € X. For simplicity, we deal with the case of p(x, y) = Bp(x, y)™*. We
have

P[B(x,m) # Bx,n)1=  [] {1-pG.2)

yEB(x,n),z€B(x,n)"

=11 I1 {1-p(y,2)}

k=1 yeB(x,n),z€R(x,n+k)
]

> [0 = Blinf oy, 2y~ *m1Pee,
k=1 '

where the infimum in the right hand side is taken overall y € B(x, n),z € R(x,n +
k). By (A3), the part of k = 1 in the product converges to 1 as n — oo, when
o > 2D,

{1 - Blinf{p(y.2) |y € B(x.n).z € R(x.n + D}}™)
> {1 - Blesa™) )"

The parts of k > 2 are bounded from below by

[B(x.n)||B(x,n+1)]

-1 (n— o).

cb2n+k

ﬁ {1 — Ba~ (" — 1)70(] =a,,

k=1
and

loga, > —c(b’a™*)" Y (ba )"
k=2

-0 (n— 00)

when o > 2D, and the result follows. O
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Remark 2.4. Theorems 1.3 and 1.4 only cover the cases such as the space like
Cantor set. But we expect to hold the above under more general conditions (for
example, finite ramified fractals like the Sierpinski gasket lattice). Also, whether
percolation occurs or not in the region D < « < 2D is a remained problem.

ACKNOWLEDGMENTS

The author thanks Professor Tadahisa Funaki for his advices and encourage-
ments, thanks Professor Yasunari Higuchi, Professor Xian-Yuan Wu for discus-
sions in August 2005, thanks Professor Masato Shinoda, Professor Masato Takei
for discussions. The author also thanks the referee for helpful comments.

This research is partially supported by the 21 century COE program at Grad-
uate School of Mathematical Sciences, the University of Tokyo, and supported by
Japan Student Services Organization.

REFERENCES

1. M. Aizenman and C.M. Newman, Discontinuity of the percolation density in one dimensional
1/]x — y|? Percolation Models. Commun. Math. Phys. 107: 611-647 (1986).

2. P. Antal and A. Pisztora, On the chemical distance for supercritical Bernoulli percolation. 4Ann.
Probab. 24: 1036-1048 (1996).

3. N. Berger, Transience, recurrence and critical behavior for long-range percolation. Commun. Math.
Phys. 226: 531-558 (2002).

4. N. Berger, A lower bound for the chemical distance in sparse long-range percolation models.
Preprint (2004).

5. 1. Benjamini and N. Berger, The diameter of long-range percolation clusters on finite cycles.
Random Struct. Algorithms 19(2):102—111 (2001).

6. 1. Benjamini, H. Kesten, Y. Peres and O. Schramm, Geometry of the uniform spanning forest:
Transitions in dimensions 4, 8, 12, .. .. Ann. Math. 160: 465-491 (2004).

7. M. Biskup, Graph diameter in long-range percolation. Preprint (2004).

8. M. Biskup, On the scaling of the chemical distance in long-range percolation models. Ann. Probab.
32:2938-2977 (2004).

9. B. Bollobas, S. Janson and O. Riordan, Long-range percolation in R. Preprint (2005).

10. D. Coppersmith, D. Gamarnik and M. Sviridenko, The diameter of a one-dimensional long-range
percolation graph. Random Struct. Algorithms 21: 1-13 (2002).

11. G. R. Grimmett, Percolation, 2nd edn. (Springer, 1999).

12. G. R. Grimmett, M. Keane and J. M. Marstrand. On the connectedness of a random graph. Math.
Proc. Camb. Philos. Soc. 96: 151-166 (1984).

13. S. Kalikow and B. Weiss, When are random graphs connected? Israel J. Math. 62: 257-268 (1988).

14. H. Kesten, Correlation length and critical probabilities of slabs for percolation. Unpublished
manuscript (1988).

15. T. Kumagai, Percolation on Pre-Sierpinski carpets. New Trend in Stochastic Analysis. Proceedings
of a Taniguchi International Workshop, K. D. Elworthy et al., eds. (World Scientific, 1997),
pp. 288-304.

16. C. M. Newman and L. S. Schulman, One dimensional 1/|j — i|* percolation models: the existence
of a transition for s < 2. Commun. Math. Phys. 104: 547-571 (1986).



Critical Values in a Long-range Percolation on Spaces Like Fractals 887

17. L. S. Schulman, Long range percolation in one dimension. J. Phys. A. Lett. 16: L639-L641 (1983).

18. M. Shinoda, Existence of phase transition of percolation on Sierpinski carpet lattices. J. Appl.
Prob. 39: 1-10 (2002).

19. M. Shinoda, Non-existence of phase transition of oriented percolation on Sierpinski carpet lattices.
Prob. Theory Relat. Fields. 125: 447-456 (2003).




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


